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Abstract 


In this thesis, we will prove a version of a theorem given by Teichmiiller. The theorem shows that 
the Teichmiiller space of a tori can be identified with the hyperbolic upper half-plane. We will present 
a geometric interpretation of this theorem by calculating the extremal length of families of paths on the 
torus. Additionally, we will give an application to the theorem that is related to holomorphic maps, 
using Koenigs linearization. At the end of the thesis, we will find an upper bound for the multiplier of 
repelling periodic cycles (i.e. (f")/(z)) for functions of the form z? + ¢, for c in the complement of the 
Mandelbrot set. 


Contents 
1__Introduction 2 


2 Part One: Conjugation of Linear Maps and Quasiconformal Maps Between Tori 
2.1 Notations, and Definitions| .... 2... 20... 0. ee 


2.2 Relation to Mappings Between Tori]... 2... 0. 0. ee 
2.3 ‘The Affine Map 


2:4.- Pxtremal lengthy. os 04. 0 yg gods bo we BED RPA ee ae ea eH Ge ee 
2.5 Geometric intuition). . 6444444 4 bee Pee Ree EE EES Ee Ea Ee 
2.6 Algebraic proolf: ¢<.2-4-4 .44eGee eo Pea PA EGER wwe dee eee ee Oee dd 1 


3 Part Two: Repelling Periodic Cycle 15 


3.1 Definitions in one-dimensional complex dynamics|..............00 000 ee eee 15 
3.2 Application of Theorem 1.1)... 2.0.0.0... 0200. 02 15 


3.3 Upper Bounds on the Multiplier of a Repelling Cycle}... .................00-. 16 
A Appendix: Hyperbolic and Euclidean Circles 19 


Acknowledgements: This thesis is the master’s thesis of the author, written under the supervision of 
Prof. Genadi Levin for a master’s degree at the Hebrew University of Jerusalem. Prof. Levin helped me 
greatly in writing this thesis, and I am very grateful to him. I am also grateful for the helpful comments 
given by the referee prof. Mikhail Sodin. 


1 Introduction 


One of our main objects of interest is quasiconformal maps (q.c maps in short, a formal definition will be 
given). These maps are an important generalization of conformal maps; A conformal map is locally angle 
preserving while a g.c map has a bound angle distortion. 

In the first part of the thesis, we will find criteria for linear maps to be conjugated by a K — q.c map. The 
result makes it easy to check whether we can pass from one linear map to another by applying a small 
distortion. The criteria will be represented as the following theorem ['] 


Theorem 1.1. Let p,qg¢C, K €R such that |q|,|p| > 1 and K > 1, there exists a K —q.c map p:C > C 
such that yo fy = fpoy (when fa(z) := 92, fo(z) = pz) iff There exists p’,q' which satisfy p = exp(—2znip’), 
q = exp(—2ziq’) and distnyp(p',q') < K (distnyp(p’,q’) is the Hyperbolic distance between p’ to q’ with 
respect to the hyperbolic upper half-plane model). 


The goal of the first part of this thesis is to prove theorem 1.1 and to give a geometric interpretation of 
this theorem. We will start the proof of theorem, by showing that two linear maps are K — q.c conjugates 
iff there exists a K — q.c map between two different tori. This will allow us to depend on tori instead of 
linear maps, the torus will be defined as A, := C/(Z x wZ) for w € Hy (H¥ is the upper half-plane). After 
the proof of the equivalence, we will need to establish a better understanding of K — q.c maps between tori, 
to achieve such understanding we will give proof to the known fact that the extremal map from A, to A, 
(the g.c map with the smallest distortion) is the affine map. We will represent a geometric point of view 
using this fact and the concept of extremal length (a well-known geometric quantity given for a family of 
paths). We do it by giving a homotopic family of paths for every real number. Using the facts about the 
affine map and the concept of extremal length; each homotopic family will give us a path, and by calculating 
the envelope of all these paths we will find a necessary condition to theorem 1.1 (that later on we see that 
it also a sufficient condition). This is a new and geometric point of view to this theorem. 

In the second part of this thesis, we will discuss the topic of one-dimensional complex dynamics. In particular, 
we will be interested in repelling cycles. This part will start by giving the basic definitions; then we will 
prove the following application for theorem 1.1 using Koenigs linearization. 


Corollary 1.1. Let P and Q be two holomorphic maps from neighborhoods of repelling fiz points zo and 21, 
with multipliers X5 and 1 respectively, if a K — q.c map — such that Q = yo Poy"! exists (ip is from a 
neighborhood of zo to a neighborhood of z1), then there exist two complex numbers Xo and i, which satisfy 
Ao = exp(—27iAQ), Ar = exp(—27iA}) and distnyy(Ag, 4) < K. 


Additionally, we will combine results from the papers [3] and [4], to find an upper bound to the multiplier 
of repelling periodic cycles, for functions of the form z? +c, for c in the complement of the Mandelbrot set. 
The main theorem we will use to combine these results is Hadamard’s three-circle theorem for subharmonic 
functions. 


2 Part One: Conjugation of Linear Maps and Quasiconformal Maps 
Between Tori 


2.1 Notations, and Definitions 


One of our main objects of interest is quasiconformal maps (or g.c maps in short). As mentioned in the 
introduction, these maps are an important generalization of conformal maps. There are several definitions 
for g.c maps, some more general than others. This thesis will give two equivalent and standard definitions 
for g.c maps of the plane. The first definition will be more analytic and this definition will be the one that 


1The same result can be described as a theorem that was proven by Teichmiiller, the theorem shows that the Teichmiiller 
space of a torus can be identified with the hyperbolic upper half-plane model. We will give proof to this new version and 
represent a new and geometric point of view to Teichmiiller’s theorem. For more information on Teichmiiller spaces and the 
Teichmiiller theorem see 


is most in use during this thesis, and the second one is more geometric and suits the ideas in this thesis. We 
will not give proof for the equivalence of the two definitions. 

Both definitions of g.c maps are a bit complicated. We will start with the analytic definition which will 
require a few definitions and notations that we will give below. For details regarding other definitions, and 
explanations of equivalence and differences, see [I] or [6]. 

For a complex function f, we use the following notation (when defined): 


a ee ae ee 
fr = 5 tu = 5y tes 


Ox’ 


eee a JAI+IAl 
ee TS Va eA ean 


Dy and py are respectively called the dilatation and complex dilatation of f, and will represent the 
amount of distortion of a function. 


Definition 1. Let J be an interval in R. A function f : J > R is called absolutely continuous on J if, 
for every positive number e, there is a positive number 6 such that whenever a finite sequence of pairwise 
disjoint sub-interval (xz, yx) of I with x, < yx € I satisfies: 


So lye — 2K <4 
k 


then 


S- Fie) — fF tg) < 


k 


Definition 2. We say that a complex-valued, continuous map, f(x,y) on a domain 9 C C (where C = CUoo 
is the extended plane) is absolutely continuous on lines if in any rectangle R = {a +iyla<u<b,c< 
y < d}, with R CQ — {ow, f-!(00)}, the map f(z,-) is absolutely continuous for almost all a < x < b and 
the map f(-,y) is absolutely continuous for almost all c < x < d. 


Now we can define what a quasiconformal map, between plain domains is. 


Definition 3. (The analytic definition for Quasiconformal maps) Let f : Q1 4 Q2 be a topological mapping 
between plane domains. We call f a K-quasiconformal map if all of the following hold: 


1. f is absolutely continuous on lines. 
2. fx, fy exist a.e. 


3. [fal < Fat [fel we. 


A map will be called quasiconformal if it is K-quasiconformal for some K > 1. 


We will generalize the notion of g.c maps to the context of Riemann surface. But first, we give a reminder 
of what a Riemann surface is. 


Definition 4. (Riemann surface) A surface (one-dimensional manifold over C) S will be called a Riemann 
surface if for any two charts fa : U,. + C and fg : Ug > C, whose domains intersect, the maps fg 0 fy! : 
fa(UaN Ug) + fa(UaM Ug) and fa 0 fa: : fa(Ua AUB) > fa(Ua Ug) are holomorphic. 


Definition 5. (Quasiconformal maps between Riemann surface) For (X, A), (Y, B) Riemann surfaces, where 
A, B are the atlases, the map ¢: X — Y will be called K-quasiconformal map (with respect to the atlas), 
if for all f € A,g € B such that f : U > C,g: M —> C which satisfy ¢(U) 7 M #0, the map gogo f! is 
K —4q.c. We say that ¢ is quasiconformal if there exists K > 1 such that ¢ is K — qc. 


Now we will give the second definition for g.c map, the more geometric one. We will give the definition 
and then explain it. 


Definition 6. (The geometric definition for g.c maps) For a topological and sense-preserving map ¢@ : 2 > 2’ 
(two complex regions), ¢ will be called K-quasiconformal if the modules of any quadrilaterals are K-quasi 
invariant. @ will be called quasiconformal if it is K — q.c for some K. 


A quadrilateral is a Jordan region Q,Q C Q, together with a pair of disjoint closed arcs on the boundary 
(the b-arcs). Its module m(Q) = a/b is determined by conformal mapping on a rectangle (any quadrilateral 
is conformal to a rectangle, and this ratio is determined uniquely). 


For a quadrilateral Q,Q C Q and a map ¢: 2 — we will say that Q is K-quasi invariant with respect 
to @ if: 
m(9(Q)) < Km(Q). 


2.2 Relation to Mappings Between Tori 


As mentioned in the introduction, in this part we would like to understand when two linear maps can be 
conjugated using a K — q.c map. In this subsection, we will translate the problem, regarding the conjugation 
of linear maps, to the language of g.c maps between two tori. We will do this by proving the following 
proposition. 


Proposition 2.1. Let p,q € C such that |p|,|q| > 1, and K > 1. There exists a K —q.c map 6: C > C such 
that bo fa = food iff there exists a K —q.c map W: Ag — Ag, for some p',q' which satisfy p = exp(—2z7ip’), 
q = exp(—2m7q’) (when Ay := C/(Z x wZ) for any w € H,). 


To establish this proposition, we need to prove two lemmas, but first, we give a notation: 


Definition 7. For q € C, such that |g| > 1, we define the equivalence relation ~,, where a ~, b iff there 
exists n € Z such that ag” = b. We denote A(q) := ((C — 0)/ ~). 


Remark 2.2. A(q) is a Riemann surface with respect to the atlas A = {hg,gq}, where fy: By > C, gq: 
D, — C where B, := {z € A(q)/ ~g: 1 < |2| < Ee or lars < |z| < |q|} and Dg := {z € A(q)/ ~¢: leith < 
: lg|+1 
if |z| < “43 


|z| < Hie, and the maps are defined by hg(z) = ; 
otherwise 


: and gq(z) = z; Here, we view A(q) as 
q? 


the torus {z € C|1 < |z| < |¢|}/ ~¢. 


Lemma 2.3. For p,q € C with |p|, |q| > 1 and1< K ER, there exists a K —q.c map p : C > C conjugating 
between f, and fq iff there exists a K — q.c map w: A(q) > A(p). 


Proof: 
We start by assuming the existence of a map such as y. Note that for every z € C we have: 


po faz) = foo plz) => (az) = pez) (1) 


We define ~ : A(q) > A(p) such that ~([z],) = [y(z)]p. To show that the function is well-defined, take any 
two representatives of q”z,q'z € [z],. From (1) we have y(q™z) = p™- y(z) and y(q"z) = p” - y(z). So 
p(q™z), y(q"z) € [p(z)]p so the map is indeed well-defined. 

To prove that q is kK —q.c, as mentioned in remark 2.2 we can look at ~ as a restriction of y to {z EC: 1< 
|z| < |q|} and a restriction of a K — q.c map is a K — q.c map. This finishes the proof for the first direction. 


We will now prove the second direction. Let w : A(q) > A(p) be a K — qg.c map. From remark 2.2 we can 
view 7 asa map from B := {z €C:1< |z| < |q|} to C := {2 €C:1< |z| < |p|}. Define: 


p’- w+) ifze|q"|B forneZ 
p(z) = : 
0 z=0 
To show that y is continuous, it is enough to show that it is continuous on boundary points of |q"|B. For z 
10 


on the boundary (i.e. z = e’’q”) take a sequence of points wz € |¢q”"~'|B converging to 2z: 


Wk 


‘ _ 4a: n—1, = m1 n, 10 
jim (we) = jim p Vat) Pp p-w(e”) 


and for sequence of points hy € |q"|B converging to z: 
- a n hr on 10 
lim p(he) = lim p”-¥(—-) =p” - ole") 
k—-oo k—- oo qd 


so the map continues on boundary points of |q”|B, so she continues on C. For any n € Z the restriction of w 
to q"B is K — q.c (because y|(gn gy is equal to p” - W(z), and composition of K — q.c maps with a conformal 
map is K —q.c from [I] p.8 and 9). So we find that y if K —q.c. Because Unezqg"” B = C— {0} so y is K —q.c 
in C — {0}, and {0} is a zero-measure set. 


Pp 


Figure 1: y as a map from B to C. 


Lemma 2.3 shows that the first condition in theorem 1.1 can be seen as a condition on g.c maps between 
tori (A(q) is homeomorphic to a tori as mentioned in remark 2.2). This is why g.c maps between tori will 
be a main object of interest during this chapter. We will prove one more lemma that will allow us the deal 
with a more "comfortable" shape of tours (the shape as A,, := C/(Z x wZ as mentioned in proposition 2.1). 


Lemma 2.4. For p,q € C such that |q|,|p| > 1, there exist K — q.c map yp : A(p) > A(q) iff there exist 
K — q.c map w: Ap — Aq, for some p',q' which satisfy the equations p = exp(—2mip’), q = exp(—277q’). 


Proof: 
For p’ and q’ as in terms of the lemma, we define the map h, : A, —> A(p) as the map: 


hp(z) = exp(—27iz) 


We need to check that h, is conformal (the map exp and the linear map f_2,; are conformal as maps from 
C to C, and the restriction and the composition of a conformal map are conformal. So we only need to prove 


that h, is well-defined). For any z € C and n,m € Z we have: 


[hp(z +m + p'n)] = [exp(—2mi(z + m + p'n)] 
=[exp(—27iz) - exp(—2mi)™ - exp(—27ip')"] 
=lexp(—27iz)| 


So hy is well-defined and therefore conformal. For the same reason, h, is conformal (hq is the map h,(z) := 
exp(—2miz) from Ay to A(q)) and the maps hz ‘and hz! are conformal as inverse maps of conformal maps. 
Let’s assume that a map such as ¢ is given, and we define w as: 


pi=hyopohy 


and w is kK — q.c (composition of a K — q.c map with conformal maps is K — q.c). If a map as 7 is given, 
we will define y as: 
p:=haovoh, . 
and ¢ is K —q.c. 
Proof (of Proposition 2.1): 
Lemmas 2.3 and 2.4, together automatically prove proposition 2.1. 


In this subsection, we showed a connection between the conjugate of linear mas by K — q.c map, to K — q.c 
maps between tori. In the next subsections, we will try to understand K — q.c maps between tori better and 
we emphasize the affine map. 


2.3. The Affine Map 


In this subsection, we will study the affine map between two tori (i.e. the only linear map between the tori). 
We will calculate its maximal dilatation, and show that this map is the extremal map between two tori (i.e. 
the map with the smallest maximal dilatation). This map will help us in our study of K — qg.c maps between 
tori. 


Remark 2.5. For any p,q € H+ there exists only one linear map between A, and Ag, which we denote as 
Wq: Ap + Aq. We call this map the affine map (usually p will be constant so we write it w, instead of q,p), 
but ~, clearly depends on p and q). We will use two natural formulas for this map. The first one is: 


g(a +yq) = 2+ yp 


this formula looks at the affine map as the map that sends the basis (1, q) to the basis (1, p), as a linear space 
over R. The other formula will be given by looking at 7, as an element in the linear span of the identity 
function and the complex conjugation. In this perspective, there exists A,B € C such that W,(z) = Az+ Bz, 
we can find A and B by solving the following equation: 


w(p)= Ap+ Bp =q 
pI)=A+B =1. 


The solution is A = = and B= = so 


lfel+\fel _ P—al+|p—al 
(2) = = (2) 
lfel—lf2| -—al—|p—al 
(by [6] p. 7). Because equation (2) does not depend on z, the maximal dilatation of wW, is given in (2) (so w 
is Dy, —@-€)- 
We will prove the known fact that wg is the external map, but to do so we first represent the following 
lemma without proof (for more information see [5] p.15 for lemma 2.6, and p.216,217 for theorem 2.7). 


Lemma 2.6. The limit function f of a sequence {fn}nen of K — ¢.c mappings of a domain A, locally 
uniformly convergent in A, is either constant or a K — q.c mapping. 


Now we can prove that the affine map is also the extremal map: 
Theorem 2.7. For any q € Hy the map wzq is the extremal map between A, and Ag. 


Proof: 
Let f : Ap + Aq be a K —q.c map. We will prove that Dy, < K. 
From the definition of A, and Ag, we can view f as a map from C to C, which holds: 


f(z+n+mp) = f(z) +n+mq 


for every z€C,n,meEN. 

For every t € N we define a map f; : C > C, such that f,(z) := fitz) The map f; is also a K — q.c map 
(because the maps g;(z) := tz and h;(z) := 4 are conformal maps and f; = h; 0° f og). We will show that 
fim fe = Wq uniformly, and then lemma 2.6 will yield that 7, is the extremal map. 


Take z € C. There exists unique a,,b, € R such that z = a, + bp (because 1, p are linearly independent), 


fi(z) _ftlaz = b.p)) 
_f{taz} + {tbz}p) + |taz| + |tb-] p) 
t 
_fUtaz} + {tbz}p) a [ta | + |tb.| q 
t t t 
_fU{taz} + {tb,}p) tag {taz} . tb.q — {tb.}q 
t t t 
Lifton) + ftede) bon) + 1IE ag 


(where we denote the ceiling function by |*|, and the fractional part by {*}). f is K —q.c, so it is continuous- 
and therefore bounded on {a + bp: 0 <a,b< 1}. Assume that f is bound by L € R. So 


Fi(z) — bq(2)| 
_ fkiae) + (abo) _ {tm} +1030 a. ng — a, — el 
f({ta.} —{tbz}p), _ ,{taz}, _ , {tbz}a 
| Ait — eto) Mees) sta 
L 1 q 
rag dele 


for every t € N, so jim ft = Wq uniformly. From Lemma 2.6 we get that ~ is K — q.c. So w is indeed the 
—00 


extremal map. 


2.4 Extremal length 


In this subsection a reminder of an important definition will be given, the definition of extremal length 
(for more details see [I]). Extremal length is a quantity that is given to a family of curves, this quantity 
is invariant under conformal mapping and quasi-invariant under qg.c mapping (the latter means that it is 
multiplied by a bounded factor, this fact will play an important role). To define extremal length we first 
need to know what an admissible map is. 


Definition 8. A function p: C — R is called admissible, if it satisfies the following conditions: 
1. p > 0 and measurable. 


2. A(p) := f [p?dxdy # 0, oo. 
c 


Definition 9. (Extremal Length) Let I be a family of curves in the plane. Each y € I shall be a countable 
union of open arcs, closed arcs, or closed curves, and every closed subarc shall be rectifiable, we set 


L,(p) _ ie pl\dz| if pis measurable on y 
oo otherwise 


we introduce 


L(p) = ant Pal) 


and 


L(p)? 
A(I’) := sup 
E) = SUP AG) 
(where the supremum is taken over all admissible »). The quantity A(I’) will be called the extremal length 
of I. 


As we mentioned we will use the fact that extremal length is quasi-invariant under g.c mapping. This, 
theorem will be presented without proof (for proof see [I] p. 11-12). 


Theorem 2.8. Let’s p be a K —q.c map, and let I and I" be families of curves as in definition 9. If p 
satisfy p(I) =I”, then, 
ROP) 2A) Ss KA. 


2.5 Geometric intuition 


In this subsection, we will give a new geometric point of view to theorem 1.1. For any w € H, and ™ € Q (for 
n,m coprime integers), we will define a family of curves I (2 ,w) which depends on w, 7. The fundamental 
group of A,, is Z?, and each family (™w), Will contained in the homotopy class corresponding to the element 
(n,m) € Z?. The affine map wq : Ap > Aq will send Im ») to I,m 4), 80 theorem 2.8 will yield the following 
inequality: 
AT aa) 2 Dy. 
AI 2,4) , 
By analyzing this inequality we will get a new geometric point of view to theorem 1.1. 
We start with defining I(m.,). For every k € [0,1] let’s define the curve y, : (0,1) + C as yx(t) = 
t(nw+m)+k and I,m») := {yx : k € (0, 1]}. In the following lemma, we will calculate the extremal length 
of I(™ w): 


Lemma 2.9. For every w € Hy and ™ € Q (for ‘n,m coprime integers), the following equality holds: 


Proof: 
Let’s start by giving an upper bound for A(I(™ »)), and after that, we will show that the same quantity is 
also a lower bound. 
Let p be an admissible map. For any & € [0,1] we have 


L(p) < Ly, (p) = | p(t(nw +m) + k) + |nw + mldt 


so 


ET eee -/{ = awe f fo t(nw + m) + k)dtdk. 
jnw + m| |nw + m| z = 


We would like to use integration by substitution, so let’s define T : [0,1]? > D for, D := conv({0,1,nw + 
m,nw +(m-+1)}) (where conv(A) is the convex hull of the set A) as 


T(k,t) := t(nw +m) +k. 


It is trivially that T is a diffeomorphism, and to use integration by substitution we need to calculate the 
determinant of the Jacobian matrix: 


oRe(T) dRe(T) 
| det (Jr)| =| det alin) areiry | | 
Ok 


Ot 
n+ Re(w)+m 1 
=| ( n+ Im(w) 0) | 
=|n-Im(w)]. 


So from integration by substitution, we find that 


[ fo t(nw +m) +k)-|n- Im(w)|dtdk 


=e (a + iy)dady 


=f is t(nw +m) + k)dtdk 


=a tay i: i Ae aaEdy 


and we get the following inequality: 


L(p) 1 
Fass ie me Feta f m+ nao 
In - Im(w)| 


hawt may EON)? 


= f fo + iy)dxdy)? 


=| <P°XD,XD >L2(D) lg 


so 


<|lexd|lZ,cpy ° IxpllZ..¢p) 


=f for (x + iy)daxdy)( uf fon )<|n-Im(w Nf fr (a + ty)dady 


Spanien) 


1 ED 

: . Transition (1) follows from Cauchy—Schwarz inequality. By arranging the 
0 ¢ D y y. by ging 

ra 


inequality we see that for all admissible p, the following inequality holds: 
Lo)? _ [nw +mP? 
< 
A(p) ~ |n- Im(w)| 


(where yp(z) := 


or in other words 


We find an upper bound on to the extremal length, and now we will find a lower one. 


Let’s chose p = xp, so: 


1 
Ly,(p) = ‘ p(t(nw +m) +k) -|nw + midt = |nw + m| 


(it is independent of k so L(p) = |nw + mJ), and: 


| [over inacay = ff avay =|n-1m(w. 
Cc D 


L?(xp) _ |nw+m/? 


So we also see that, 


uy = 


and indeed: 


AF 


w)) 


~ A(xp) — |n- Im(w)| 


_ [nw +m)? 


~ |n+Im(w)| 


Remark 2.10. Suppose that f : Ap - Ag is a kK — q.c map, so 


Dy, SK 


(from theorem 2.7). From the definition of w, (as wq(t + sp) = t+ sq) we have: 


Theorem 2.8 implies that 


and from lemma 2.9 we get 


Ing + m|? |np + m|? MI.) 


(3) 


|n-Im(q)|  |n-Im(p)| ACL py) 
by arranging the inequality we get 
vg + m/? 
\Im(p)|_ |¢ rail cK. 
[Im(q)| Ip + 7 
Since any real number can be seen as a limit of rational numbers, for any r € R the following inequality 
holds: 
I LL p|2 
m(p)  |q ul Bie 
Im(q) |p+r 


For fixed K and p, we would like to find all the q that solves inequality (3), for every r € R. To do so we 


will calculate the envelope of the equations: 


Im(p) | 
Im(q) 


qtr? _ 
Ip+r/? 


But first, let’s give a reminder to the definition of an envelope, stating a fact about envelope, and notice 


that for any r € R, the set of all q satisfying inequality (3) is an Euclidean ball. 


10 


Definition 10. (envelope) Suppose {7} is a family of smooth curves on a surface, depending on a parameter 
a. A smooth curve 7¥ is called the envelope of the family {7} if: 


1. For any point of the curve ¥ it is possible to give a curve Yq of the family which is tangent to the curve 
y at this point. 


2. For every curve Yq of the family, it is possible to give a point on the curve y at which the curve Yq is 
tangent to ¥. 


3. No curve of the family has a segment in common with the curve y. 


The calculations related to envelopes will be performed using the following theorem, which will left 
without proof (for proof and more information about envelopes see [8] p. 32-35). 


Theorem 2.11. Suppose that any curve Ya of a family S := {ya} is given by the equations p(x, y,a) = 0 
where y is continuous and continuously differentiable for all its arguments, then the envelope of the family 
S is given by the equations 


{ie a) =0 
(2) 

0 =0 

in the sense that for every point (x,y) of the envelope, one can find an a such that both equation y = 0 and 
oe = 0 will be satisfied by the system of values x,y, a. 


Lemma 2.12. Suppose K > 1 andp€ Hy. Then inequality (3) holds for q © H+ iff q € B x jp4rj2(—? + 
if|p+r|’) (i.e. a close ball of radius E lp +r|? centered at a point —r + if |p+ r|?, where we assume that 
p:=atib). 


Proof: 
We denoted p:=a+ib and q:= 2+ iy so 


Imp) |\g+rl? 
~ Im(q) |p+r/? 

<> 02> dia +r)? + by? —yK|pt+r|? 
K 


K?2 
=iar) og =— pat oe ert: 


K ik 
= (slp trl)’ 2 (@ +r)? + y- slp +l’)? 


Now we can calculate the envelope of the curves. 


Lemma 2.13. The envelope of the family of curves 


I 4 2 
m(p) |g al _k 
Im(q) |p+r| 


(for r © R) is the hyperbolic ball of radius In(K) around p (with respect to the hyperbolic upper half-plane 
model). 


Proof: 


We denoted p:= a+ ib and q:= x + iy as in the previous lemma, so: 


_Im(p) la+r/? 
Im(q) |p+rP? 
b jatiy+r 


y jat+ib+r/? 


We denoted F(r,z,y) = b(a +r)? + by? — yK(a+r)? — yKb?, and calculate the envelope by solving the 
following equation: 


F(r,x,y) =0 
OF (r,x,y) -0 (4) 

Or p+ oo5 

We start with the second equation of (4): 
FE 
DEED) = 2b(a +r) — 2QyK (a+r) 
Or 
so 
9 — OF (2,4) 
. Or 


<= 0=20(a@ +r) — 2yK(at+r) 
=r(2b — 2yK) + (2ba — 2yakx) 
pare ba — yak 
yk —b 
(in the least transition we assumed that yK —b 4 0, we will deal with the other case at the end of the proof). 
By placing the identity of r in the first equation of (4), we get: 


0=b(x+r)? + by? yK (a4 r)? yKv? 
ba — yak 


ba — yak 
=b 2+ by? — yK(a+ —__)? — yK? 
(a+ Rae yo —yK(at+ awe y 
yak — be + bx — yak 5 Py yak —ab+ bx — yak \5 2 
=b + b K bk 
( as e+ by* — y( a gee yay 
= ate 
=by?K?(=—*_)? + by? — yb? K (=)? — yb? 
y pRB yo —Y CKD y 
L—-GQ \5 
=byK (yk — b)( )" + by(y — bk) 
yk —b 
divide the equation by by (b, y > 0) 
0 =K(x — a)? + (y—bK)(yK —b) 
=K(a—a)? +y?K — by(1+ K?)+0?°K 
by(1 + K? 
=Rinaare ngs UTE eae 
b(1 + K? 4b? K? — b?(1 + K?)? 
=K(x—a)?+K(y ( + )ya ( oe ) : 
2k Ak 
After rearranging we can see that 
Ke S15 2 b(1+ K*),» 
(69)? = (wa)? + (y—- Ey, 


We are left to deal with the case that yK = b. If yk = b from the second equation of (4), we get that x =a. 
But =a and y= z are not solving the first equation of (4), so it is not possible that yk — b = 0. 


We find that the envelope is- the set of all (x,y) € R? which solves the following equation: 


K?-1 
2K 


= (ea)? +(y— CED)» 


(b 
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2 
ie. the Euclidean circle S, x2-1 (a+ pea), and by Appendix proposition A.1 this circle is identical to 
2K 


the hyperbolic circle of radius In(‘) around p (i.e. the set {q € Hy : distnyy(q,p) = In(K)}). 


Envelope 


Figure 2: The graph relative to p = 24+ 32 and K = 2. The circles are for r = 1, 0.5, —0.5, —1. 


2.6 Algebraic proof 


In this subsection, we will give an algebraic proof, to the fact that for a given p € Hy and 1 < K € R, the 
set of all p € H+ such that a K — q.c map ¢: A, — Ag exists, is identical to the hyperbolic ball of radius 
In(K) around p. This will end the proof of theorem 1.1, and show that the condition we found in the last 
subsection was not only necessary but also sufficient. 


Theorem 2.14. For a given p € Hy and K > 1, the set of all gq € H+ such that a K —q.c map $: Ap > Ag 
exists, is exactly the hyperbolic ball of radius In(K) around p. 


Proof: 
We first notice that a K — q.c map from A, to Ag exists, iff Dy, < K. Because if we assume that K — q.c 
map y: Ap + A, exists, theorem 2.7 yields that w, is also K —q.c, so Dy, < K, and if Dy, < K then y, is 
a Kk —q.c map from A, to Aj. 
We would like to find all g € Hy such that: 


Dy, <K. 
By equation (2) we get 
Pal +|p—al <K 
lp— |= |p—y| 


let’s arrange the equation 


p-a+p-d se, 

lp—¢|— |p—¢| ~ 
<> |p—a|+|p—-—a| < K(\p- 4 - |p—al) 
<=> |p—al+|p—a|—A|lp—a|+K|lp—q| <0 
<= |p—q(1-K)+|p—q|(1+ 4) <0. 
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Let’s multiply both sides of the equation by the expression |p— q|(1— K) —|p—q|(1+ 4) (it is trivially that 
lp — q|(1— K) — |p—q|(1+ K) < 0 for every p,q € H, K > 1), and once more we assume that p = a+ ib 
and q= x+y, so 
02> |p—q|\1—4)+|p—gi\ +k) 
<=> 0< |p-4)?(1—- K)? — |p—g?(1+ K)? 
=|a—ib— 2 —iy/?(1— K)? —|a+ib—2 —iyP?(1+K/)? 
=[(e@— a)? + (6+y)"]— K)? — [(z@— 4)? + (b-y)"] + KY? 
=(r —a)*[(l— K)? —- (1+ K)?] + 0?[(1-— K)? — (14+ K)?] + 2by[(1-— K)? + (1+ K)*] + y?[( — K)? - (14+ K)?] 
= — 4K (x — a)? —4Kb* — 4Ky’ + 4by(1+ K’). 


Let’s divide by —4K and do more calculations 


by(1 + K? 
0>(@—-a +B +y?— y( = ) 
b(1 + K?) b?(1+ K?)? 
—p2 ry a 2 
+(e- a)? +(y- Sp 
b(1 + K?) b?(1+ K?)? 
24 Qe 2 
<> («#—a)°+(y Ta yv< 1K? b 
ig Pe a 
i 4K? 
oe eee 
SO 
So we find that Dy, < K iff q =a + iy satisfies the inequality: 
b(1 + K?) b(K? — 1) 
24 Qe 2 
(o- 0)? +(y- Sy < 


and this is exactly the ball B 


(a4+i2G+e ) or the hyperbolic ball of radius In(K) around p (by Appendix 


K2-1 
b-SR 


proposition A.1). 


x 
Figure 3: Diagram illustrating a hyperbolic circle of radius In(K) around point p. 


Proof (of Theorem 1.1): 
Proposition 2.1 and theorem 2.14 are immediately proving theorem 1.1. 
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3 Part Two: Repelling Periodic Cycle 


3.1 Definitions in one-dimensional complex dynamics 


This section will be on the subject of one-dimensional complex dynamics. We will start this section, by 
giving some of the basic definitions of this topic. After that, we will prove corollary 1.1, an application of 
theorem 1.1. At the end of this section, we will give an upper bound to the multiplier of periodic points in 
the function of the form z? +c, for c in the complement of the Mandelbrot set. Periodic points (i.e. a point 
z such that exists n € N that f"(z) = z) and their multiplier (the quantity (f)’/(z)) play an essential part 
in this topic. 

There are many books and papers on this topic. For example, you can see [7], and [2]. 

We will start by defining what is a normal family of maps. This important definition will allow us to define 
the Julia, Fatou, and Mandelbrot sets. 


Definition 11. A family of meromorphic functions ¥, defined in an open subset U of the extended complex 
plane, will be called, a normal family if for any sequence {f,}nen C F, there is a subsequence (fn, ) ken Such 
that, (fn,)ken converges uniformly on every compact subset of U, to a meromorphic function or infinity. 
The family will be called normal at point c (for c € U)- if there exists some open W such that ce W CU 
and Fy is a normal family (when Fw :={flw : f € F}. 


Now we can define the Julia and Fatou sets: 


Definition 12. For a rational map f : Cs ¢, we define F(f) the Fatou set of f, as the set of all points 
such that {f"}nen is normal. We define J(f) the Julia set of f as C — F(f) 


Additionally, we will define the Mandelbrot set, which will play a role at the end of this section (there 
are some other equivalent definitions to this set). 


Definition 13. The Mandelbrot set (M in short), is the set of all c such that J(F,) is connected, where 
2 


Fy:= 27-6. 
For a holomorphic function f, a point z will be called a periodic point, if exists n € N such that f(z) = z. 
For the smallest n for which f”(z) = z, we define the quantity 


Az) = (F")'(2) (5) 


as the multiplier of f at z, a periodic point z will be called repelling or indifferent or attracting according to 
its multiplier satisfies |A(z)| > 1 or |A(z)| = 1 or |A(z)| < 1 respectively. 


3.2. Application of Theorem 1.1 


In this subsection, we will prove corollary 1.1, which will be proved using theorem 1.1 and Koenigs Linearization. 
Like theorem 1.1, corollary 1.1 gives information about the existence of conjugate by a kK — q.c map. But 
corollary 1.1 does so for a more general set of maps, this generalization comes with the "price" of losing the 
iff condition, to only necessary condition. 

Before proving the theorem we will represent Koenigs Linearization theorem without proof (for proof see [7] 
p.76-86). 


Theorem 3.1. (Koenigs Linearization) Let P be a holomorphic map defined on a neighborhood of a repelling 
fix point zo with multiplier X. There exists a local holomorphic change of coordinate w = ¢(z), with o(z9) = 0, 
so that 6o Pog! is the linear map w > Aw for all w in some neighborhood of the origin. Furthermore, 
is unique up to multiplication by a nonzero constant. 

In other words, the following diagram is commutative, 


U +4 PU) 
et et 
c 4. ¢ 
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(when f(z) := A-z as usual, and U is a neighborhood of zo). 


Proof (of Corollary 1.1): 
Let P,Q, 20, 21, and y be as in terms of the theorem, Koenigs Linearization gave us the following commutative 
diagrams: 


u 3 PY) w 3% QW) 
hy hl, at at 
c 8 c¢ c #8 ¢ 


1 


When zo € U and z; € W are domains. So in a neighborhood of 0, f,, = goQog””, and in a neighborhood 


of 29, P=h71o fy, oh. We assumed that Q = yo Poy so: 
fr =(gopoh™)ofyo(govoh*) 


y is a K — q.c map and g,h are conformal maps so go yo h™! is a K — q.c map. We found that in a 
neighborhood of 0 the linear maps f,, and fy, are conjugated by a K — q.c, so theorem 1.1 yields that there 
exist two complex numbers Ag, A, such that Ao = exp(—277A9), A1 = exp(—27iA}) and distnyp(Ap, A4) < 
(the proof of theorem 1.1 will stay the same if we change the assumption to a conjugate in a neighborhood 
of 0). 


3.3. Upper Bounds on the Multiplier of a Repelling Cycle 


In this subsection, we will give an upper bound on the multiplier of repelling periodic points. We denote by 
P. the function P.(z) := 27 +c, and the bound will be relative to the family of functions P. for c€ C— M. 
For a periodic point z (with period n), we define the following quantity: 


1 
x(z) = = In|A(z)| (6) 
and for any n € N, we define the function: 
Xn(c) = max{x(z): for z€C st P?(z) =z} (7) 


(notice that n(c) is well-defined, because for all n € N. P®(z) — z is a non-constant polynomial, so he 
has roots, and the number of roots is final). The upper bounds will be given regarding the functions x 
and yp, (instead of for technical reasons). It will be given using two theorems that give upper bounds to 
x(z), in different cases. We will combine these two theorems using Hadamard’s three-circle theorem. These 
three theorems will be represented without proofs (for proofs and more details see [3] for theorem 3.3, [4] for 
theorem 3.4, and [9] for theorem 3.5 p.128-130). 

The bound will given as the following theorem: 


Theorem 3.2. For anyce C—M andne€N, the following inequality holds: 


InJ*(6)] 


xn(c) < 2In(2) + = 


The function ® is a conformal isomorphism between © : (C — B,(0) + (C — M) with the property that 
lim Pw) = 1. This isomorphism was constructed and studied by Douady and Hubbard (see [2] p.61-65). 


Woo 


Theorem 3.3. For polynomial P, if the set J(P) is connected. Then the quantity: 
|A(z)| < d°", d = deg(P) 


holds for any cycle of order n. 
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Theorem 3.4. For the family of functions Pca,.),¢ € C (where 2<d EN and Pra.) = 244) and for any 
periodic repelling point z, the asymptotic expressions for c > oo hold: 


x(z) = — : In |e] + o(1). 


Theorem 3.5. (Hadamard three-circle theorem for subharmonic function) Let v be subharmonic in a domain 
DCC containing the set A:= {2:11 <|z| < |re} (for r1,re ER and rg > 11 > 0). If M(r) := eel 
z|=r 


then for every T1 <r < 12 the following inequality holds: 


M(r) < In(r2) — In(r) In(r) — In(r1) 
In(r2) — In(r1) In(r2) — In(r1) 
As we mentioned theorem 3.2 will be proven using theorem 3.5, but to use theorem 3.5 we first need to 
know that Vn is subharmonic. This fact will be proven in the following lemma: 


M(r1) t M (re). 


Lemma 3.6. The function xn is subharmonic on C. 
Proof: The proof will be based on the following four facts: 
1. Being subharmonic is a local property. 
2. For every holomorphic function h the function 4 In |h| is a subharmonic function. 
3. A maximum of a finite number of subharmonic functions is also a subharmonic function. 


4. For every constant n € N the set of all c € C, for which exists a z that is a n order periodic point, 
such that A(z) = 1 (with respect to the function P.), is a discrete set. The notation for this set will 
be Ay. 


Let n € N and cp € C— Ap, we will find an open set U, such that y,|y is a subharmonic function and 
CoE U. 

We look at the function Q : C? > C defined as Q(c,z) := P”(z) — z, the n order periodic points of P” 
are the roots of Q. Let’s assume that 21, z2,...,2n € C are all the roots of Q(co, x) (from the definition of 
An, Q(co,*) don’t have any double root). For every point (co, z;) the implicit function theorem, gives us 


holomorphic functions g; : U; + C (U; is a neighborhood of cg), such that Q(c, g:(c)) = 0 for each c € Uj. 
k 
Without loss of generality let’s assume that U := U; = Up =... = Ux (otherwise U := Oi ). The function 


(P?)'(gi(c)) is conformal for each i, so from facts 2, and 3 the following function is subharmonic: 


max{ In |(P2Y'(gi(e))| :1 <4 < } 


on U, that function is exactly xn|u, so X%n|u is a subharmonic function. From facts 1, and 4 we find that 
the function y, is subharmonic in C. 

Now we have all the tools to prove theorem 3.2. 

Proof (of Theorem 3.2): Let c € C — M, and let’s look at the map xy, 0 ® : C— B,(0) > R. For every 
r1,T2 € R such that 1 <r < |®~1(c)| < rg, Hadamard’s three-circle theorem (theorem 3.5) yields: 


In(r2) — In|®~1(c)| In|®~!(c)| 
Xn(c) S In(r2) — In(r1) MGs) In(r2) — Ga 
so from theorem 3.3 
X06) <n em MO) + ines ee MD) 
In(r2) — n|®~!(c)| Sis In|®~!(c)| if 
= In(r2) aa a In(r2) M(ra) 
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and from theorem 3.4 


Remark 3.7. In this subsection, we wanted to give a bound on \(z). To do so we defined the function y(z), 
because it was easier to give a bound to x(z). But one can define different functions for this purpose (and 
they may find even sharper bounds). For example the function: 


[In(A(z))/? 
i; 8 
oe) 2 
Let’s note that: sn(A(2))2 
n(X(z 
l <oee 
n(X(2) < 
The reason we didn’t work with w is that is not a subharmonic function, so we couldn’t use theorem 3.5 on 
~ 
w is not subharmonic, because the function h: C > C , h(z) := Un(e)" is not subharmonic. 


Let’s prove that h is not a subharmonic. Assume the negative, so ho exp is a subharmonic map (because 
exp is a holomorphic map), and: 


] z\|2 2 2 2 2 
heheh OR ee 


Inje?| —s In|e| 1 


(we assumed that z := x + iy) so 


and we can see that for example: 


0?(h o exp) 


A(ho exp)(—1) = Py 


(-1)4 (-1) =-2 


so A(ho exp) # 0 and this is a contradiction- because the Laplace of a subharmonic function is positive. 
That only explains why our proof will not work, for the function ~. There could be a different way to give 
a bound to w. 
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A Appendix: Hyperbolic and Euclidean Circles 


Here we will prove the following proposition: 


Proposition A.1. For a given z = x+iy € Hy andO0 < keER, @f the circle S,(z) is contained in the 
upper half-plane, then S;,(z) is equal to the hyperbolic circle with center (a, \/y? — k?) and radius 5 n(448), 
with respect to the hyperbolic upper half-plane model (i.e. S,(z) = {q € Hy : distnyp((x, Vy? — k?),q) = 


Lin(2t#)}). 


Proposition A.1 is a known fact and our proof, definitions, and notations will be based on [10] mainly on 
p.67-69. Before the proof of proposition A.1, we will give three definitions and represent one theorem. 


Definition 14. For a given Euclidean circle q with center C and radius k, the two points p and p’ are said 
to be symmetrical with respect to q if : 


1. C,P, and P’ are collinear, with C outside the segment PP’ (PP’ is the Euclidean line between P and 
P’). 


2. |CP|-|CP’| = k? (|CP| is the Euclidean length of CP). 


Definition 15. (The inversion map for an Euclidean circle) For an Euclidean circle g with center C. The 
inversion I, : C — {C} — C is a function such that I,(P) is equal to the symmetrical point of P, with 
respect to gq (for any P € C —C there is exactly one symmetrical point to P with respect to q). 


We would like to define the inversion map with respect to hyperbolic geodesic, to do so we will need the 
following theorem which will be represented without proof (for proof see [10] p.56-58) 


Theorem A.2. Any geodesic p in the hyperbolic upper half-plane is one of the two options 
1. A segment of Euclidean straight line that is perpendicular to the x-axis. 
2. Arc of an Euclidean semicircle that is centered on the x-axis. 


Definition 16. For a given geodesic p, if p is a straight Euclidean line of finite length ie. p := {ap + ty: 
0<a<y< bd}, we define the inversion J, to be the inversion with respect to the Euclidean circle S,(zo). 
If p is an arc of a Euclidean semicircle we define the inversion J, to be the inversion with respect to the 
Euclidean circle containing p. 


Proof (of Proposition A.1): Let g be a Euclidean circle with center «+ iy and diameter 0 <k eR 
(k < y) without any loss of generality we will assume that « = 0 (we can make this assumption because the 
function ha(x + iy) := (# + a) + iy is an isometry for all a € R with respect to hyperbolic and Euclidean 
geometries). We will show that q is a hyperbolic circle with a center at A := iy/y? — k?. 
We start by showing that every geodesic p through A divides gq into two hyperbolically congruent parts. Let 
p be such geodesic. The hyperbolic congruence will be the reflection [,,. This can only happen provided that 
the circles p and q are orthogonal (when we refer to p as a circle we will mean the Euclidean circle obtained 
from the geodesic p as in definition 16. The inversion [, fixes q iff the circles p and q are orthogonal, see [10] 
p.47). However, p and g are orthogonal iff the hyperbolic reflection in the original circle q fixes the circle p. 
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Thus, it is now necessary to prove that the inversion Iq, fixes the circle p. 
The inversion I, of course fixes the intersections E, F of p and q. Let A’ := I,(A). A’ is on p. Moreover, 
since 

liy — Al |iy — A’] = Bk? 
and A’ is on the y-axis so A’ = —iv/b? — k?, it follows that A’ is both on I,(p) and p which implies that 
p =I,(p). This means that p and q are orthogonal, so q = I,(q). In other words, every hyperbolic straight 
line through A divides q into two hyperbolically congruent parts. 
It remains to be proven that all the hyperbolic length of the arc AE is a constant in the sense that it 
is independent of the position of p, as long as p passes through A. This is accomplished by producing a 
hyperbolic reflection that transforms AE onto AC (for C := i(y—r)). Let G be either of the intersections of 
p with the x-axis, and let n be the bowed geodesic centered at G and passing through A. Since [,(A) = A 
and I,(A’) = A’, it follows that I, (p) = [0,7(y+1r)] (where [0,7(y+r)] = {ta:0<a<y+r}). However, by 
the first part of the proof, I,,(q) = q, and hence I, transforms F, which is the intersection of g and p, onto 
C, which is the intersection of q and [0,7(y+1)] (Note that were we to choose the other intersection to play 
the role of G, then EF would be transformed to i(y + r)). 
So we find that q is a hyperbolic circle centered at A. 
It remains to calculate the radius of the circle: 


disthyp(A, C) = disthyp(iv/y? — r?, ify — 1) 


So the radius of the circle is indeed 4 In(“+*). 


y-r 


> x 


ey eae 


Figure 4: illustration to the proof of proposition A.1 
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